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We point out that the internal spin symmetry of the order parameter manifests itself at the core
of a fractional vortex in real space without spin-orbit coupling. Such symmetry breaking arises from
a topological constraint and the commensurability between spin symmetries of the order parameters
inside and outside the core. Our prediction can be applied to probe the cyclic order parameter in a
rotating spin-2 87Rb condensate as a non-circular vortex core in a biaxial nematic state.
Quantized vortices are topological defects of the super-
fluid order parameter giving rise to the quantized circu-
lation. In systems with internal degrees of freedom such
as spinor Bose-Einstein condensates (BECs) [1], super-
fluid 3He [2], p-wave [3] and d-wave superconductors [4],
there are various kinds of vortices classified by the topo-
logical structures of the order-parameter manifolds. In
particular, the order parameter having discrete symme-
try can accommodate a fractional vortex with the circu-
lation that is a fraction of what a vortex in a scalar BEC
has. Examples are half-quantized vortices appearing in
a spin-1 polar BEC [5] and the superfluid 3He-A phase
[2, 6]. Non-Abelian properties of fractional vortices have
also been discussed [7–9]. Yet another important feature
of spinor BECs is that the order parameter at the vortex
core may have symmetry different from that of the sur-
rounding. In such a situation, the following vortex tiling
problem arises: what is the core state that is connected
smoothly from its surrounding? For example, the core
state of a half-quantized vortex (spin vortex) in a spin-1
polar (ferromagnetic) BEC is ferromagnetic (polar) [5];
the vortex core in the superfluid 3He-B phase at low tem-
peratures and pressures is filled with a planar-like order
parameter [6, 10, 11]; the vortex core of a d-wave super-
conductors is filled with an s-wave paring state [12].
In this Letter, we point out that a new situation arises
in the vortex tiling problem for a spin-2 BEC which sup-
ports more than one possible states having discrete spin
(or spin-gauge) symmetry. When the states inside and
outside the core have different discrete symmetries, the
internal symmetry of the core state manifests itself in real
space as a deformation of the vortex core (see Fig. 1).
Although there is no spin-orbit coupling, the topologi-
cal constraint, i.e., the global configuration of the order
parameter couples the internal spin states to the coor-
dinate space. Under such a condition, the order param-
eters inside and outside the core commensurably affect
each other, leading to the deformation of the core. It is
also known that the vortex core deforms in a superfluid
3He-B phase and d-wave superconductors as a result of
splitting of the single vortex into several vortices inside
the core [6, 10, 11] and coupling of the paring state to
the anisotropic elementary excitation [12], respectively.
Thus the origin of the deformation in these systems is
FIG. 1. (color) (a) and (b) Plots of |Φ(θ, φ)|2 for the biaxial
nematic state ΨB and the cyclic state ΨC defined in TABLE I,
where Φ(θ, φ) ≡ ∑2
m=−2 Y2m(θ, φ)ψm. Colors represent the
phase of Φ(θ, φ). (c)-(e) Distributions of Φ(θ, φ) (top) and
|A30|2 (bottom) for the 1/2–1/4 vortex in the biaxial nematic
phase with the cyclic core, where 1/2 and 1/4 refer to the pi
gauge transformation and the pi/2 spin rotation around the
vortex, respectively, and A30 = (3
√
6/2)(ψ21ψ−2 + ψ
2
−1ψ2) +
ψ0(ψ
2
0 − 3ψ1ψ−1− 6ψ2ψ−2) is the spin-singlet trio amplitude.
The size of each panel is 16×16 in units of the healing length
ξ = ~/
√
2M |c2|n. Arrows with colors in top figures in (c)-(e)
indicate the smoothly connected directions between the three
lobes of the triad at the core and one of the two lobes of the
cloverleaves surrounding the core.
the local energetics around the core, and quite different
from that in the present case where the core deforma-
tion is determined by a global spin configuration outside
the vortex core. Figure 1 shows an example of a frac-
tional vortex in the biaxial nematic phase having the 4th
dihedral symmetry with the cyclic core having the tetra-
2hedral symmetry. As shown in Fig. 1 (c), the vortex core
breaks the rotational symmetry and deforms into a tri-
angular shape, providing an excellent diagnostic method
to determine the symmetry of the core state by just look-
ing at the deformed shape of the vortex core [13]. Our
prediction can be applied to detect the cyclic state in the
vortex core of a rotating spin-2 87Rb BEC by preparing
the initial state to be in the biaxial nematic state.
TABLE I. |F |2, |A20|2, and |A30|2 and the standard order
parameters for the ferromagnetic (F), uniaxial nematic (U),
biaxial nematic (B), and cyclic (C) phases.
Phase |F |2 |A20|2 |A30|2 order parameter
F 4n2 0 0 ΨF ≡ √n(1, 0, 0, 0, 0)T
U 0 n2 n3 ΨU ≡ √n(0, 0, 1, 0, 0)T /
√
2
B 0 n2 0 ΨB ≡ √n(1, 0, 0, 0, 1)T /
√
2
C 0 0 2n3 ΨC ≡ √n(1, 0, 0,
√
2, 0)T /
√
3
We consider a BEC of spin-2 atoms with massM whose
mean-field energy functional is given by [14, 15]
H =
∫
dx
[
h0 +
c0
2
n2 +
c1
2
|F |2 + c2
2
|A20|2
]
, (1)
where h0 = (~
2/2M)
∑2
m=−2 |∇ψm|2 is the kinetic en-
ergy, ψm is the order parameter of a magnetic sublevel
m = 0,±1,±2 at position r; n = ∑2m=−2 |ψm|2, F =∑2
m,m′=−2 ψ
∗
mfm,m′ψm′ , and A20 =
∑2
m=−2 ψmψ−m are
the total number density, the spin density, and the spin-
singlet pair amplitude, respectively, with fm,m′ being a
vector of spin-2 matrices. The ground state of Hamil-
tonian (1) is (i) ferromagnetic for c1 < 0 and c2 > 4c1,
(ii) uniaxial nematic or biaxial nematic for c2 < 0 and
c2 < 4c1, and (iii) cyclic for c1 > 0 and c2 > 0. Each state
can be characterized by F , A20, and the spin-singlet trio
amplitude A30 = (3
√
6/2)(ψ21ψ−2 + ψ
2
−1ψ2) + ψ0(ψ
2
0 −
3ψ1ψ−1 − 6ψ2ψ−2) [14]. In Table I, we list these val-
ues and the standard order parameter in each state. In
the mean-field theory, ΨB and ΨU are degenerate at zero
magnetic field; however, zero-point fluctuations lift this
degeneracy [16]. The quadratic Zeeman effect also lifts
this degeneracy, stabilizing ΨB for the F = 2
87Rb BEC
at a magnetic field above a few mG, which is consistent
with experiments [17–20].
The order parameter can be expressed in terms of
the spherical harmonics: Φ(θ, φ) =
∑2
m=−2 Y2m(θ, φ)ψm,
where θ and φ are the polar and azimuthal angles in spin
space, respectively. Figures 1 (a) and (b) show Φ(θ, φ)
for the biaxial nematic state ΨB and the cyclic state ΨC.
The profiles of Φ(θ, φ) for the biaxial nematic and cyclic
states features cloverleaf and triad, reflecting the 4th di-
hedral and tetrahedral symmetries, respectively. In ad-
dition to the trivial 2pi gauge transformation and the
2pi rotation in spin space, ΨB remains invariant under
the combined operations of the pi gauge transformation
and the pi/2 spin rotation around the z axis, namely
eipie−if
zpi/2ΨB = ΨB. This discrete symmetry implies a
fractional vortex around which the overall gauge changes
from 0 to pi and the cloverleaf rotates by pi/2. We refer
to such a vortex as the 1/2–1/4 vortex, where 1/2 and
1/4 refer to the pi gauge transformation and the pi/2 spin
rotation around the vortex, respectively [21]. The order
parameter around a straight 1/2–1/4 vortex on the z axis
can be expressed in cylindrical coordinates (r, ϕ, z) as
Ψ1/2−1/4
r→∞−−−→ eiϕ/2e−ifzϕ/4ΨB =
√
n
2
(1, 0, 0, 0, eiϕ)T .
(2)
Among all kinds of vortices, the 1/2–1/4 vortex is the
most stable in the biaxial nematic phase [7, 22].
FIG. 2. (color online) (a) Phase diagram of the core state
for 1/2–1/4 vortex on the c1/c0 - (−c2/c0), where •, , and
N show the ferromagnetic, uniaxial nematic, and cyclic cores,
respectively. (b) c1/c0 dependence of |F |2/n2, |A20|2/n2, and
|A30|2/n3 with (−c2/c0) = 0.01 at r = 0.
The core state is determined by the competition among
four terms in Eq. (1) and strongly depends on the in-
teraction parameters c0,1,2. Figure 2 (a) shows a phase
diagram of the core state in the c1/c0 - (−c2/c0) plane
which is obtained by numerically minimizing the energy
functional (1) with the boundary condition of Eq. (2).
Figure 2 (b) shows the c1/c0 dependence of |F |2/n2,
|A20|2/n2, and |A30|2/n3 at r = 0 along the constant
(−c2/c0) = 0.01 line. These values take almost the same
values as shown in Table I for each core state and change
sharply at the phase boundary.
We now focus on the cyclic core and discuss how it is
embedded in the surrounding biaxial nematic state. In
Figs. 1 (c)–(e), we show profiles of Φ(θ, φ) and |A30|2 nu-
merically obtained by minimizing the energy functional
(1) with the boundary condition (2). The order param-
eter is fixed so that the (0, 0, 1)-directions in Figs. 1 (a)
and (b) coincide with each other, showing the commen-
surability between the outside cloverleaves and the inside
triad. There are three directions along which one of the
three lobes of the triad is smoothly connected with one of
two lobes of the cloverleaves surrounding the core. The
triangular core shape is the manifestation of the discrete
3-fold symmetry of the cyclic state.
Under the boundary condition (2), the most natu-
ral core state with the cyclic order is Ψ(r = 0) =
3e2iη/3e−if
zη/3ΨC =
√
n(1, 0, 0,
√
2eiη, 0)T /
√
3 where η is
an arbitrary real number and does not affect the energy.
Figures 1 (c), (d), and (e) are obtained for η = 0, 3pi/8,
and 3pi/4, respectively, and the energies for these three
states are degenerate. Moreover, Figs. 1 (c)–(e) show
that the direction and the color of the triad at the core
changes with η, resulting in the rotation of the triangular
shape of |A30|2. According to the numerical calculation,
the order parameter ΨC1/2−1/4 for the vortex with the
cyclic core can be well approximated by
ΨC1/2−1/4 =
√
n(g, αei(ϕ−η), βe−i(ϕ−2η), γeiη, heiϕ), (3)
where g, h, α, β, and γ are real functions which satisfy
g = h = 1/
√
2 and α = β = γ = 0 at r → ∞, and
g = 1/
√
3, h = α = β = 0, and γ =
√
2/3 at r = 0.
From this ansatz, we obtain
|F |2/n2 = (2h2 + α2 − γ2 − 2g2)2
+ |2(gα+ γh) +
√
6(βγ + αβei(3ϕ−4η))|2,
|A20|2/n2 = |2(gh− αγ) + β2e−i(3ϕ−4η)|2,
|A30|2/n3 = |(3
√
6/2)(gγ2 + α2hei(3ϕ−4η))
+ β3e−i(3ϕ−4η) − 3αβγ − 6gβh|2,
(4)
and the 3-fold anisotropy and the rotation of the triangu-
lar shape of |A30|2 with η can be understood by the term
e±i(3ϕ−4η) which rotates the triangular profile by 8pi/3
with changing η from 0 to 2pi. Since the η dependence of
the energy functional (1) disappears by integrating with
respect to ϕ, η is related to the spontaneous breaking of
the U(1) symmetry at the core, which implies a Gold-
stone mode localized at the core.
FIG. 3. (color) (a) |A30|2 and (b) |ψ0|2 of the 1/2–1/4 vortex
with the coupling constant c
(i)
2 , and (c) |A30|2 of the 1/2–1/4
vortex with c
(ii)
2 . Here aho is the harmonic oscillator length.
|A30|2 and |ψ0|2 are normalized by n(r = 0)3 and n(r = 0),
respectively.
We show that the vortices shown in Fig. 1 can
be generated in the F = 2 87Rb BEC under an ex-
ternal rotation. For an F = 2 87Rb BEC, c1/c0 ≃
(8.80± 0.53)× 10−3 and (−c2/c0) ≃ (4.71± 5.15)× 10−3
were experimentally obtained [20], from which we can
expect the 1/2–1/4 vortex with the cyclic core in this
system (see Fig. 2). It has the nonzero mass circula-
tion κ = ~/M
∮
dl · ∑m Im[ψ∗m(∇ψm)]/n = h/(2M) and
can be experimentally generated by an external rotation.
In the presence of a trapping potential V = M{ω2r [x2 +
(1 + ε)y2] + ω2zz
2}n/2 with anisotropic parameter ε, the
quadratic Zeeman term q
∑2
m=−2m
2|ψm|2, and external
rotation i~Ωz
∑2
m=−2 ψ
∗
m(x∂y−y∂x)ψm along the z axis,
we find the stationary state of the order parameter for
the F = 2 87Rb spinor BEC by minimizing the total
energy. With experimental values of ωr = 141 × 2piHz,
ε = 0.05, 7.0 × 1011cm−2 for the two-dimensional den-
sity at the trap center [19], and 50mG for the external
magnetic field, we perform two-dimensional simulations
under Ωz = 0.15ωr. The values of c0,1,2 are taken from
Ref. [20]. For c2, we adopt (−c(i)2 /c0) = 4.71 × 10−3
where the ground state is expected to be biaxial ne-
matic. The stationary state can be obtained by cal-
culating the imaginary-time development of the Gross-
Pitaevskii equation derived from Eq. (1) [23]. As an
initial state, we choose stationary ΨB without rotation.
The results are shown in Figs. 3 (a) and (b). The 1/2–1/4
vortex is stabilized under rotation, and the spontaneous
breaking of rotational symmetry also occurs reflecting the
symmetry of the core state, which is shown in Fig. 3 (a)
for |A30|2 in the 1/2–1/4 vortex. This symmetry break-
ing brings about an anisotropic density distribution. Our
predictions can be experimentally tested by the Stern-
Gerlach experiment. In the present simulation, |ψ0|2 is
highly anisotropic as shown in Fig. 3 (b).
We have numerically confirmed that deformation of the
vortex core can be observed for the rotational frequency
0.12ωr . Ωz . 0.17ωr. Below 0.12ωr, no vortices enter
the condensate, and above 0.17ωr, more than one vortex
enters the condensate. The value of |A30|2 (or |ψ0|2) and
its anisotropy decrease with increasing the magnetic field
because the cyclic order is weakened by the quadratic
Zeeman effect. Above 70mG, the anisotropy can hardly
be seen. The deformation of the vortex core is hardly
affected by the anisotropy of the condensate itself, e.g.,
by ε which is necessary to rotate condensate. Even with
ε = 0.5, for example, the anisotropic shape of |ψ0|2 can
clearly be seen.
We have also numerically confirmed that the defor-
mation of the vortex core occurs independently of the
sign of c2. Even when we start from the “false” ground
state ΨB with (−c(ii)2 /c0) = −0.44× 10−3, this state can
accommodate the “metastable” 1/2–1/4 vortex, because
the values of c1,2 are so small that the spin relaxation
dynamics from the false to true ground state (cyclic) is
much slower than that of the vortex nucleation. Figure
3 (c) shows the 1/2–1/4 vortex in ΨB with c
(ii)
2 , and is
quite similar to Fig. 3 (a). These results imply that
the nucleated vortex depends only on the initial state re-
gardless of the sign of c2, and the 1/2–1/4 vortex can
be experimentally realized using the F = 2 87Rb spinor
BEC. In particular, the cyclic state can be realized at
the core of the 1/2–1/4 vortex surrounded by the biaxial
nematic state. Since the 1/2–1/4 vortex is non-Abelian
[7, 22], the above method can be used to achieve the first
experimental realization of the non-Abelian vortex.
The deformation of the vortex core leads to new types
4FIG. 4. (color online) Isosurface plot of |A30|2 for the states
of (a) twisting wave and (b) vorton with c1/c0 = (−c2/c0) =
0.01.
of excitations, namely a “twisting wave” and a “vorton”.
Figures 4 (a) and (b) show the numerically obtained
twisting wave and stable vorton. Due to the Goldstone
mode with respect to η in Eq. (4), the triangular vortex
core can rotate without energy cost. When we consider
a 3-dimensional vortex line, there should be the charac-
teristic wave excitation which corresponds to the gradual
change of η and the twisting of the triangle shape along
the vortex line, and can be regarded as “twisting wave”.
The twisting wave has been studied and experimentally
observed for the double-core vortex in 3He-B [6, 11], and
the spin-2 BEC is expected to be another candidate sys-
tem to investigate the twisting wave, the twisting shape
of which can be directly observed. This twisting wave can
create a “vorton” which is a twisting vortex ring along
which η changes from 0 to 2pi and the triangle shape of
the core rotates by 8pi/3 due to the factor e±i(3ϕ−4η) in
Eq. (4). Being different from the usual vortex ring, the
vorton also has the mass circulation 2h/(3M) along the
ring and topologically stable structure. The vorton has
been studied as a stable cosmic string loop [24], and the
spin-2 BEC can serve a first theoretical model for the
laboratory system to study stable vortons.
In conclusion, we have studied the vortex tiling prob-
lem for fractional vortices in a spin-2 spinor BEC. A 1/2–
1/4 vortex with a cyclic core in the biaxial nematic phase
should satisfy the commensurability condition between
the 4th dihedral symmetry of the biaxial nematic state
and the tetrahedral symmetry of the cyclic state. The
rotational symmetry of the cores is spontaneously bro-
ken and its shape becomes triangular, which reflects the
3-fold rotational symmetry of the spin state.
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